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CORRIGENDUM TO THE PAPER ’ON THE IDEAL THEOREM FOR
NUMBER FIELDS‘ [FUNCT. APPROXIMATIO, COMMENT. MATH.
53, NO. 1, 31–45 (2015)]
OLIVIER BORDELLE`S
Abstract. This paper is a corrigendum to the article ’On the ideal theorem for number
fields‘. The main result of this paper proves to be untrue and is replaced by an estimate
of a weighted sum with an improved error term.
1. Introduction
Let K be an algebraic number field of degree n, ζK be the attached Dedekind zeta-function
and rK be the ideal-counting function of K. It is customary to set
∆K(x) :=
∑
m6x
rK(m)− κKx
where κK is the residue of ζK(s) at s = 1. Using contour integration, Landau [5, Satz 210]
proved that
∆K(x)≪ x
1− 2
n+1
+ε
which was slightly improved by Nowak [6] for 4 6 n 6 9 and by Lao [4] for n > 10 who
showed that
∆K(x)≪ x
1− 3
n+6
+ε.
In [2], an alternative method was used, starting with the Vorono¨ı’s identity, to show that,
for n > 4
(1) ∆K(x)≪ x
1− 4
2n+1
+ε.
This result is based among other things upon the following Proposition [2, Proposition 3.5]
stating that, if X > 1 is a real number, 1 6 M < M1 6 2M and 1 6 N < N1 6 2N
are integers, α, β ∈ R are such that (α − 1)(α − 2)αβ 6= 0, and if (am), (bn) ∈ C are two
sequences of complex numbers such that |am| 6 1 and |bn| 6 1, then, if M ≫ X
(MN)−ε
∑
M<m6M1
am
∑
N<n6N1
bne
(
X
(m
M
)α ( n
N
)β)
≪
(
XM5N7
)1/8
+N
(
X−2M11
)1/12
+
(
X−3M21N23
)1/24
+M3/4N +X−1/4MN
where, as usual, e(x) = e2ipix. Unfortunately, Roger Baker [1] pointed to me the fact that
this bound is impossible at least when N = 1, since taking am := e (−Xm
αM−α) and
b1 = 1 implies that the sum on the left is ≍M . An inspection of the proof reveals that [7,
Theorem 3] is improperly used, so that the very last part of the proof cannot be handled
by this result. This entails that the estimate (1) remains still unproven, and the question
of an improvement of Landau-Nowak’s results in the cases 4 6 n 6 9 is still open.
2020 Mathematics Subject Classification. 11N37, 11R42.
Key words and phrases. Ideal theorem, Sub-convexity bounds, Dedekind zeta function.
1
2 OLIVIER BORDELLE`S
2. A weighted sum
Our aim in this section is to show that adding a very small weight to the sum enables us
to derive a better error term. More precisely, we will show the following estimate.
Theorem 2.1. Assume n > 6. Then∑
m6x/e
rK(m) log log
x
m = E1(1)κKx+OK,ε
(
x1−
3
n
+ε
)
where, for any X > 0
E1(X) :=
∫
∞
X
e−t
t
dt
and hence E1(1) ≈ 0.22.
2.1. Tools.
Proposition 2.2. Let K be an algebraic number field of degree n > 2 and x > d
1/2
K be a
large real number. For any ε ∈
(
0, 12
)
, we have
1
x
∫ x
1
(∑
m6t
rK(m)− κKt
)
dt = OK,ε
(
xλn+ε
)
where
λn :=


3
4 −
3
2n , if 2 6 n 6 6
1− 3n , if n > 6.
Similarly ∑
m6t
rK(m) log
x
m = κKx+OK,ε
(
xλn+ε
)
.
Proof. Note that it is equivalent to show that
1
x
∫ x
1
(∑
m6t
rK(m)
)
dt = 12κKx+OK,ε
(
xλn+ε
)
.
From Perron’s formula
1
x
∫ x
1
(∑
m6t
rK(m)
)
dt =
1
2pii
∫ 2+i∞
2−i∞
ζK(s)
s(s+ 1)
xs ds.
Assume first that n > 6. Moving the integration contour to the line σ = 1 − 3n + ε and
taking the residue of the function ζK(s)x
ss−1(s+ 1)−1 into account, we get
1
x
∫ x
1
(∑
m6t
rK(m)
)
dt = 12κKx+
1
2pii
∫ 1−3/n+ε+i∞
1−3/n+ε−i∞
ζK(s)
s(s+ 1)
xs ds
:= 12κKx+ I(x).
From [3], we know that for any t ∈ R
ζK
(
1
2 + it
)
≪K,ε (|t|+ 1)
n/6+ε
which implies using the Phragme´n-Lindelo¨f principle that
(2) ζK (σ + it)≪ε (|t|+ 1)
n(1−σ)/3+ε (1
2 6 σ 6 1, t ∈ R
)
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and hence
|I(x)| ≪ε x
1−3/n+ε
(
1 +
∫
∞
1
∣∣ζK (1− 3n + ε+ it)∣∣ t−2 dt
)
≪K,ε x
1−3/n+ε
(
1 +
∫
∞
1
t−1−ε(
1
3
n−1) dt
)
≪K,ε x
1−3/n+ε
as announced. The case 2 6 n 6 6 is similar, except that we move the integration contour
to the line σ = 34 −
3
2n + ε and we replace (2) by
ζK (σ + it)≪ε (|t|+ 1)
n(3−4σ)/6+ε (0 6 σ 6 12 , t ∈ R) .
For the 2nd sum, the arguments are similar since
∑
m6x
rK(m) log
x
m =
1
2pii
∫ 2+i∞
2−i∞
ζK(s)
s2
xs ds.
The proof is complete. 
Remark 2.3. This proposition implies that there exists a real number x0 > d
1/2
K such that∑
m6x0
rK(m) = κKx0 +OK,ε
(
x
1−3/n+ε
0
)
(n > 6) .
2.2. Proof of Theorem 2.1. On the one hand, using partial summation
∑
m6x/e
rK(m) log log
x
m =
∫ x/e
1
1
t log(x/t)
(∑
m6t
rK(m)
)
dt
and on the other hand
∑
m6x/e
rK(m) =
∑
m6x/e
rK(m) log
x
m
−
∫ x/e
1
1
t log2(x/t)
(∑
m6t
rK(m) log
x
m
)
dt
=
∑
m6x/e
rK(m) log
x
em
+
∑
m6x/e
rK(m)
−
∫ x/e
1
1
t log2(x/t)
(∑
m6t
rK(m)
(
log
t
m
+ log
x
t
))
dt
so that
0 =
∑
m6x/e
rK(m) log
x
em
−
∫ x/e
1
1
t log2(x/t)
(∑
m6t
rK(m) log
t
m
)
dt
−
∫ x/e
1
1
t log(x/t)
(∑
m6t
rK(m)
)
dt.
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Hence∑
m6x/e
rK(m) log log
x
m =
∑
m6x/e
rK(m) log
x
em
−
∫ x/e
1
1
t log2(x/t)
(∑
m6t
rK(m) log
t
m
)
dt
and using Theorem 2.2 we get∑
m6x/e
rK(m) log log
x
m = κKe
−1x+O
(
x1−3/n+ε
)
−
∫ x/e
1
1
t log2(x/t)
(
κKt+O
(
t1−3/n+ε
))
dt
= κK
(
x
e
−
∫ x/e
1
dt
log2(x/t)
)
+O
(
x1−3/n+ε
)
= κKx
(
e−1 −
∫ log x
1
e−u
u2
du
)
+O
(
x1−3/n+ε
)
and integrating by parts provides∫ log x
1
e−u
u2
du = −
e−u
u
∣∣∣∣
log x
1
−
∫ log x
1
e−u
u
du
= e−1 − E1(1) + E1(log x)−
1
x log x
and the bounds
1
x log(ex)
< E1(log x) <
1
x log x
(x > 2)
imply ∫ log x
1
e−u
u2
du = e−1 − E1(1) +O
(
1
x log x
)
completing the proof. 
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